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Abstraction of language

Addition of two numbers: Assembly
Data type: int Data type: float

addi:

movl %edi, -4 (%rsp)
movl $%esi, -8 (%rsp)
movl -4 (%rsp), %esi
addl -8 (%rsp), %esi
movl %esi, %eax

ret
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Abstraction of language

Addition of two numbers: Assembly

Data type: it
addi: addf:

movl %edi, -4 (%rsp) movss %$xmm0, —4(%rsp)
movl $%esi, -8 (%rsp) movss Sxmml, -8 (%rsp)
movl -4 (%rsp), %esi movss —4 (%rsp), S$xmm0
addl -8 (%rsp), %esi addss -8 (%rsp), %S$xmm0
movl %esi, %eax ret

ret
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Abstraction of language

Addition of two numbers: C
Data type: int Data type: float

int addi( int a,
int b )

{

return a + b;

}
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Abstraction of language

Addition of two numbers: C

Data type: int Data type: float
int addi( int a, float addf( float a,
int b ) float b )
{ {
return a + b; return a + b;
} }
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Addition of two numbers: GAP or Julia

Data type: int, float

function( a, b )
return a + b;
end;
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Abstraction of language

Addition of two numbers: GAP or Julia

Data type: int, float

function( a, b )
return a + b;
end;

High language leads to generic code!
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Computing the intersection of two subobjects
deals of 2

(i, v2) , (wy, wp) < V: (x), () <Z:
Solution of Euclidean algorithm:
Xy V4 + XoVo (em (x, y))
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Category theory as programming language

Category theory
@ abstracts mathematical structures

@ defines a language to formulate theorems and algorithms for
different structures at the same time

CAP - Categories, Algorithms, Programming

A CAP implements a
C P categorical programming language
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Finite dimensional vector spaces

Let k be a field.
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Let k be a field.

Example: k-vec
@ Obj := finite dimensional k-vector spaces
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Finite dimensional vector spaces

Let k be a field.

Example: k-vec
@ Obj := finite dimensional k-vector spaces
@ Hom(V, W) := k-linear maps V — W

Example: matrices
@ Obj :=Np
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Finite dimensional vector spaces

Let k be a field.

Example: k-vec
@ Obj := finite dimensional k-vector spaces
@ Hom(V, W) := k-linear maps V — W

Y

Example: matrices
@ Obj :=Np
@ Hom(n,m) := k™M
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Finite dimensional vector spaces

Let k be a field.

Example: k-vec
@ Obj := finite dimensional k-vector spaces
@ Hom(V, W) := k-linear maps V — W

Y

Example: matrices (computerfriendly model)
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Computable categories

A category becomes computable through
@ Data structures for objects and morphisms
@ Algorithms to compute the composition of morphisms

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 10/61



Computable categories

A category becomes computable through
@ Data structures for objects and morphisms

@ Algorithms to compute the composition of morphisms and identity
morphisms of objects

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 10/61



Computable categories

A category becomes computable through
@ Data structures for objects and morphisms

@ Algorithms to compute the composition of morphisms and identity
morphisms of objects

Example: Q-vec

. |

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 10/61



Computable categories

A category becomes computable through
@ Data structures for objects and morphisms

@ Algorithms to compute the composition of morphisms and identity
morphisms of objects

Example: Q-vec

. |

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 10/61



Computable categories

A category becomes computable through
@ Data structures for objects and morphisms

@ Algorithms to compute the composition of morphisms and identity
morphisms of objects

Example: Q-vec

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 10/61



Computable categories

A category becomes computable through
@ Data structures for objects and morphisms

@ Algorithms to compute the composition of morphisms and identity
morphisms of objects

Example: Q-vec

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 10/61



Computable categories

A category becomes computable through
@ Data structures for objects and morphisms

@ Algorithms to compute the composition of morphisms and identity
morphisms of objects

Example: Q-vec

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 10/61



Computable categories

A category becomes computable through
@ Data structures for objects and morphisms

@ Algorithms to compute the composition of morphisms and identity
morphisms of objects

Example: Q-vec

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 10/61



Computable categories

A category becomes computable through
@ Data structures for objects and morphisms

@ Algorithms to compute the composition of morphisms and identity
morphisms of objects

Example: Q-vec

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 10/61



Computable categories

A category becomes computable through
@ Data structures for objects and morphisms

@ Algorithms to compute the composition of morphisms and identity
morphisms of objects

Example: Q-vec

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 10/61



Computable categories

A category becomes computable through
@ Data structures for objects and morphisms

@ Algorithms to compute the composition of morphisms and identity
morphisms of objects

Example: Q-vec

Gutsche, Posur (Siegen) Constructive categories August 28, 2018



Computable categories

A category becomes computable through
@ Data structures for objects and morphisms

@ Algorithms to compute the composition of morphisms and identity
morphisms of objects

Example: Q-vec

RS

1 2 1
@) (1 2) @) 3 @)
(1) (g,?)(“) (1)

v
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Equivalences: Rep,(G)

Example: Sz, irreducible representations: V1,

—-102 5824 96 20 1444 584
58 —2366 60 8 590 —240
83 5366 75 —28 -—-1328 536

—25 1354 24 3 336 136

—377 17200 384 -28 4279 1736

351 18877 348 —-12 4682 -—1893

4 4
{ |
VIig vsen g VX @ VX VIig vsen g VX @ VX

Diag( — 1,3, (‘f _f) ® k)
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Equivalences: Rep,(G)

Example: Sz, irreducible representations: V1, vsen vx

~102 5824 -96 20 1444 584
58 -2366 60 8 500 240
83 -5366 75 —28 —1328 —536
25 1354 24 3 33 136
—377 17200 —384 28 4279 1736
351 18877 348 —12 4682 —1893
4 4
Zl ZJ
Vig vseng Vx g VX VIig veer g Vx @ VX
Dlag( ) @ I2)
v
Repg(S3) ~ Q-vec ® Q-vec & Q-vec J
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Example: Sz, irreducible representations: V1, vsen vx
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Equivalences: Rep,(G)

Example: Sz, irreducible representations: V1, vsen vx

102 5824 96 20 1444 584
58 2366 60 8 -590 —240
83 -5366 75 —28 —1328 536
_25 1354 —24 3 33 136
-377 17200 —-384 -28 4279 1736
351 —18877 348 —12 —4682 —1893
4 4
Zl ZJ
Vig vsen g VX @ VX Vig vsen g VX g VX
Dlag( y )y X I2)
v
Repg(S3) ~ Q-vec ® Q-vec & Q-vec J
B <+—— D ker +— ker
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Some categorical operations in abelian categories
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° ..
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The language of category theory

Some categorical operations in abelian categories

@ & : Obj x Obj — Obj

@ o: Hom(B, C) x Hom(A, B) - Hom(A, C)

@ +,— : Hom(A, B) x Hom(A, B) — Hom(A, B)
@ ker : Hom(A, B) — Obj

° ..
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Implementation of the kernel

Let p € Hom(A, B).
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Implementation of the kernel

Let » € Hom(A, B).
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Implementation of the kernel

Let ¢ € Hom(A, B). To fully describe the kernel of ¢ . ..
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Implementation of the kernel

Let ¢ € Hom(A, B). To fully describe the kernel of ¢ . ..

. one needs an object ker ¢,

ker ¢
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Implementation of the kernel

Let ¢ € Hom(A, B). To fully describe the kernel of ¢ . ..

... one needs an object ker ¢,
its embedding « = KernelEmbedding(y),
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Implementation of the kernel

Let ¢ € Hom(A, B). To fully describe the kernel of ¢ . ..

... one needs an object ker ¢,
its embedding « = KernelEmbedding(y),
and for every test morphism 7

0

ker ¢ E\

¥
s ,A—B

T

0
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Implementation of the kernel

Let ¢ € Hom(A, B). To fully describe the kernel of ¢ . ..

... one needs an object ker ¢,

its embedding « = KernelEmbedding(y),
and for every test morphism 7
a unique morphism A = KernelLift(y, 7)

0
A A——B

-

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 14/61



Implementation of the kernel

Let ¢ € Hom(A, B). To fully describe the kernel of ¢ . ..

... one needs an object ker ¢,
its embedding « = KernelEmbedding(y),
and for every test morphism 7
a unique morphism A = KernelLift(y, 7), such that
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Implementation of the kernel: Q-vec

Obj := Z>o, Hom (m, n) := QM*" J
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Implementation of the kernel: Q-vec

Obj := Z>o, Hom (m, n) := QM*" J
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Implementation of the kernel: Q-vec

Obj := Z>o, Hom (m, n) := QM*" J

ker

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 15/61



Implementation of the kernel: Q-vec

Obj := Z>g, Hom (m, n) := Q" J
ker
A— B
Compute
@ kery as dim(A) — rank(y)
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Implementation of the kernel: Q-vec

Obj := Z>o, Hom (m, n) := Q™" )
ker p ;
A—— B
Compute
@ kery as dim(A) — rank(y)
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Implementation of the kernel: Q-vec

Obj := Zxo, Hom (m, n) := Q<" J
ker p ;
A—— B
Compute
@ kery as dim(A) — rank(y)
@ x by solving X - =0
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Implementation of the kernel: Q-vec

Obj := Z>o, Hom (m, n) := QM*" J

ker

K
T\ALB

T
Compute

@ kery as dim(A) — rank(y)
@ x by solving X - =0
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Implementation of the kernel: Q-vec

Obj := Z>o, Hom (m, n) := QM*" J
keIgo % .
: /
T

Compute
@ kery as dim(A) — rank(y)
@ x by solving X - =0
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Implementation of the kernel: Q-vec

Obj := Z>o, Hom (m, n) := QM*" J
keIgo % .
: /
T

Compute
@ kery as dim(A) — rank(y)
@ x by solving X- ¢ =0
@ \bysolving X -xk=r71
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The language of category theory
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The language of category theory

Given a diagram of abelian groups:
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The language of category theory

Given a diagram of abelian groups:

ker S A

Q
—
W
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The language of category theory

Given a diagram of abelian groups:

ker S A B
= o) |
LA B
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The language of category theory

Given a diagram of abelian groups:

<____
Q
—
W
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The language of category theory

Given a diagram of abelian groups:

xcker—— xc A —— B

Pl |

—— A B
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The language of category theory

Given a diagram of abelian groups:

xcker—— xc A —— B

Pl |

—— a(x) €A B
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The language of category theory

Given a diagram of abelian groups:

xcker—— xc A —— B

Pl l

—— a(x) €A 0eB
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The language of category theory

Given a diagram of abelian groups:

xcker—— xc A —— B

Pl l

a(x) € S alx) e A 0eB
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The language of category theory

Given a diagram of abelian groups:

xcker—— xc A —— B

Pl l

a(x) € S alx) e A 0eB
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The language of category theory

The same example in the language of category theory:

/

ker A B’
: al l
— > A B
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The language of category theory

The same example in the language of category theory:

/

ker A B’
: al l
— > A B

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 17 /61



The language of category theory

The same example in the language of category theory:

/

ker A B’
: al l
— > A B
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The language of category theory

The same example in the language of category theory:

ker A B’
: \ | l
— S A B

| = aok
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The language of category theory

The same example in the language of category theory:

ker A B’
: \ | l
— S A B

L = KernelLift(,a o #)
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Features of CAP

CAP - Categories, Algorithms, Programming
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Features of CAP

CAP - Categories, Algorithms, Programming

CAP is a framework to implement computable categories and provides
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Features of CAP

CAP - Categories, Algorithms, Programming

CAP is a framework to implement computable categories and provides
@ specifications of categorical operations,
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Features of CAP

CAP - Categories, Algorithms, Programming

CAP is a framework to implement computable categories and provides
@ specifications of categorical operations,
@ generic algorithms based on basic categorical operations,
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Features of CAP

CAP - Categories, Algorithms, Programming

CAP is a framework to implement computable categories and provides
@ specifications of categorical operations,
@ generic algorithms based on basic categorical operations,

@ a categorical programming language having categorical
operations as syntax elements

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 18/61



Computing the intersection

Let My C N and M, C N subobjects in an abelian category.
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Computing the intersection

Let My — N and M, — N subobjects in an abelian category.
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Computing the intersection

Let My — N and M, — N subobjects in an abelian category.
Compute their intersection v : My N Mo — N.
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Computing the intersection

Let My — N and M, — N subobjects in an abelian category.
Compute their intersection v : My N Mo — N.
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Computing the intersection

Let My — N and M, — N subobjects in an abelian category.
Compute their intersection v : My N Mo — N.

M, & Mo N
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Computing the intersection

Let My — N and M, — N subobjects in an abelian category.
Compute their intersection v : My N Mo — N.

M;
/ \
M, & Mo N
e
Mo
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Computing the intersection

Let My — N and M, — N subobjects in an abelian category.
Compute their intersection v : My N Mo — N.

M;
/ \
M, & Mo N
) /
Mo

N
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Computing the intersection

Let My — N and M, — N subobjects in an abelian category.
Compute their intersection v : My N Mo — N.

M;
/ \
M, & Mo N
) /
Mo

N

@ 7; := ProjectionInFactorOfDirectSum ((My, M) , i), i = 1,2
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Computing the intersection

Let My — N and M, — N subobjects in an abelian category.
Compute their intersection v : My N Mo — N.

M;
/ \
Y i=1l1 0T — lp OTQ
M, & Mo N
2 /
M

@ 7; := ProjectionInFactorOfDirectSum ((My, M) , i), i = 1,2
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Computing the intersection

Let My — N and M, — N subobjects in an abelian category.
Compute their intersection v : My N Mo — N.

M;
/ \
Y i=1l1 0T — lp OTQ
M, & Mo N
2 /
M

@ 7; := ProjectionInFactorOfDirectSum ((My, M) , i), i = 1,2
@ Y :=110mM —LpOT2
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Computing the intersection

Let My — N and M, — N subobjects in an abelian category.
Compute their intersection v : My N Mo — N.

M;
Uy

/ \
Y i=1l1 0T — lp OTQ
/N

My O Ms <2 My & My

o L2
Mo

@ 7; := ProjectionInFactorOfDirectSum ((My, M) , i), i = 1,2
@ Y :=110mM —LpOT2
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Computing the intersection

Let My — N and M, — N subobjects in an abelian category.
Compute their intersection v : My N Mo — N.

M;
Uy
1

/ \
Pi=Ul1oT lg © T2
N

My O Ms <2 My & My

Mo

@ 7; := ProjectionInFactorOfDirectSum ((My, M) , i), i = 1,2
@ Y :=110mM —LpOT2
@ k := KernelEmbedding ()
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Computing the intersection

Let My — N and M, — N subobjects in an abelian category.
Compute their intersection v : My N Mo — N.

M;
iy
1

Y i=1l1 0T — lp OTp
N

My My <2 My @ My

Mo

@ 7; := ProjectionInFactorOfDirectSum ((My, M) , i), i = 1,2
@ Y :=110mM —LpOT2
@ k := KernelEmbedding ()
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Computing the intersection

Let My — N and M, — N subobjects in an abelian category.
Compute their intersection v : My N Mo — N.

M;
iy
1

Y i=1l1 0T — lp OTp
N

My My <2 My @ My

Mo

@ 7; := ProjectionInFactorOfDirectSum ((My, M) , i), i = 1,2
@ Y :=110mM —LpOT2

@ k := KernelEmbedding ()

@ y:=110T 0K

August 28, 2018
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Translation to CAP

7j := ProjectionInFactorOfDirectSum ((My, Mo) , i), i = 1,2
@Y i=11 071 — L2 O0T2

k := KernelEmbedding ()

YI=110M 0K
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Translation to CAP

wj := ProjectionInFactorOfDirectSum ((My, Mp) , i), i = 1,2
pil := ProjectionInFactorOfDirectSum( [ M1, M2 ], 1
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 ], 2 );

@Y i=11 071 — L2 O0T2

k := KernelEmbedding ()

YI=110M 0K
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Translation to CAP

wj := ProjectionInFactorOfDirectSum ((My, Mp) , i), i = 1,2
pil := ProjectionInFactorOfDirectSum( [ M1, M2 ], 1
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 ], 2 );

@Y i=11 071 — L2 O0T2
lambda := PostCompose( iotal, pil );
phi := lambda - PostCompose( iota2, pi2 );

k := KernelEmbedding ()

YI=110M 0K
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Translation to CAP

wj := ProjectionInFactorOfDirectSum ((My, Mp) , i), i = 1,2
pil := ProjectionInFactorOfDirectSum( [ M1, M2 ], 1
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 ], 2 );

@Y i=11 071 — L2 O0T2
lambda := PostCompose( iotal, pil );
phi := lambda - PostCompose( iota2, pi2 );

 := KernelEmbedding ()
kappa := KernelEmbedding( phi );

YI=110M 0K
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Translation to CAP

wj := ProjectionInFactorOfDirectSum ((My, Mp) , i), i = 1,2
pil := ProjectionInFactorOfDirectSum( [ M1, M2 ], 1
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 ], 2 );
@Y i=11 071 — L2 O0T2
lambda := PostCompose( iotal, pil );
phi := lambda - PostCompose( iota2, pi2 );

 := KernelEmbedding ()
kappa := KernelEmbedding( phi );

Yi=1{0M OK
gamma := PostCompose ( lambda, kappa );
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Translation to CAP

pil := ProjectionInFactorOfDirectSum( [ M1, M2 ], 1
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 ], 2
lambda := PostCompose( iotal, pil

phi := lambda - PostCompose( iota2, pi2 );

kappa := KernelEmbedding( phi );

gamma := PostCompose (

Gutsche, Posur (Siegen)

lambda, kappa
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Translation to CAP

pil := ProjectionInFactorOfDirectSum( [ M1, M2 ],
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 ],
lambda := PostCompose( iotal, pil

phi := lambda - PostCompose( iota2, pi2 );

kappa := KernelEmbedding( phi );

gamma := PostCompose ( lambda, kappa );
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Translation to CAP

IntersectionOfSubobject := function( iotal, iota2 )
pil := ProjectionInFactorOfDirectSum( [ M1, M2 ],
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 ],
lambda := PostCompose( iotal, pil );
phi := lambda - PostCompose( iota2, pi2 );
kappa := KernelEmbedding( phi );
gamma := PostCompose ( lambda, kappa );
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Translation to CAP

IntersectionOfSubobject := function( iotal, iota2 )
M1 := Source ( )i
M2 := Source ( )
pil := ProjectionInFactorOfDirectSum( [ M1, M2 ],
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 ],
lambda := PostCompose( iotal, pil );
phi := lambda - PostCompose( iota2, pi2 );
kappa := KernelEmbedding( phi );
gamma := PostCompose ( lambda, kappa );

Gutsche, Posur (Siegen)

Constructive categories

August 28, 2018

20/ 61



Translation to CAP

IntersectionOfSubobject := function( iotal, iota2 )
M1 := Source( iotal );
M2 := Source( iota2 );
pil := ProjectionInFactorOfDirectSum( [ M1, M2 1, 1 );
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 1, 2 );
lambda := PostCompose( iotal, pil );
phi := lambda - PostCompose( iota2, pi2 );
kappa := KernelEmbedding( phi );
gamma := PostCompose ( lambda, kappa );
return gamma;
end;
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Translation to CAP

IntersectionOfSubobject := function( iotal, iota2 )
local M1, M2, pil, pi2, lambda, phi, kappa, gamma;
M1 := Source( iotal );
M2 := Source( iota2 );
pil := ProjectionInFactorOfDirectSum( [ M1, M2 1, 1 );
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 1, 2 );
lambda := PostCompose( iotal, pil );
phi := lambda - PostCompose( iota2, pi2 );
kappa := KernelEmbedding( phi );
gamma := PostCompose ( lambda, kappa );
return gamma;
end;
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Computing the intersection: Q-vec

Compute the intersection of

(110 (10 1
“=1o 1 1 2= 1 1 0
M; < N > Mo

2 3 2
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Computing the intersection: Q-vec

Compute the intersection of

(110 /10 1
“=1o 1 1 2= 1 1 0

M < N > Mo

1 H 1

2 3 2
gap> gamma := IntersectionOfSubobject( iotal, iota2 );

<A morphism in the category of matrices over Q>
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Computing the intersection: Q-vec

Compute the intersection of

(110 /10 1
“=1o 1 1 2= 1 1 0

M < N > Mo

1 H 1

2 3 2
gap> gamma := IntersectionOfSubobject( iotal, iota2 );

<A morphism in the category of matrices over Q>

gap> Display( gamma );
(r 1, 1, 011

A morphism in the category of matrices over Q
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CAP packages

IntrinsicCategories
(CategoriesWithAmbientObjects AttributeCategory Actions ]
(LinearAIgebra)(—(GroupRepresentations)(—(lnternalExteriorAIgebra)
I

(ComplexesAndFiIteredObjects ¢ T

(GeneralizedMorphisms)<—(HomologicalAlgebra)

(ModulePresentations)(—(GradedModuIePresemations]

homalg2

MotivesForBiArrangements
HomotopyCategories

ToricSheaves

(Bicomplexes complex) (CategoryOfProjectiveGradedObj ects)(—
StableCategories PresentationCategory
FrobeniusCategories (PresentationsByProjectiveGradedModuIes)

TriangulatedCategories

Bialgebroids

FreydCategories

FunctorCategories
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Snake lemma

ker(7)
|
A B C
I S
0 A B Cc
|
coker(a)
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Snake lemma

ker(7)
A B - C 0
| | |
il | il
0 A m B (04
coker(a)
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Part Il

Generalized morphisms
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0 Classical diagram chases
e Additive relations
e Generalized morphisms

e Applications of generalized morphisms
@ An algorithm for spectral sequences
@ The purity filtration
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Classical diagram chases

0 Classical diagram chases
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Classical diagram chases

What are diagram chases?
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Classical diagram chases

What are diagram chases?

Diagram chases are a tool in homological algebra used for proving
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Classical diagram chases

What are diagram chases?

Diagram chases are a tool in homological algebra used for proving
@ properties
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Classical diagram chases

What are diagram chases?

Diagram chases are a tool in homological algebra used for proving
@ properties
© the existence
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Classical diagram chases

What are diagram chases?

Diagram chases are a tool in homological algebra used for proving
@ properties
© the existence

of morphisms
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Classical diagram chases

What are diagram chases?

Diagram chases are a tool in homological algebra used for proving
@ properties
Q@ the existence
of morphisms situated in (commutative) diagrams of prescribed shape.
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Classical diagram chases

What are diagram chases?

Diagram chases are a tool in homological algebra used for proving
@ properties
@ the existence
of morphisms situated in (commutative) diagrams of prescribed shape.
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Classical diagram chases

Connecting homomorphism in the snake lemma

ker()
A B - c 0
(O
0 A m B c
coker(a)
Wanted: ker(~) SN coker(a). J
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Classical diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)
A B - c 0
(O
0 A m B c
coker(a)
Start: ¢ € ker(7). J
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Classical diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)
A B = ceC——0
| | d
0 A ——— B c
coker(a)
This lies in C. J
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Classical diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)

l

A————beB———ceC——0

R

0 A ——— B C
coker(a)
Choose: b € e~ '({c}). J
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Classical diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)

l

A————beB———ceC——0

N

0 A m veB —C
coker(a)
Map: b Ay J
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Classical diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)

l

A————beB———ceC——0

N

O0—— dcA = beB —C

coker(a)

Compute: & € p~'(b). J

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 28 /61



Classical diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)

l

A————beB———ceC——0

N

O0—— dcA = beB —C

a +im(«) € coker(a)

Map: & — & +im(«). J
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Classical diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)

l

A————beB———ceC——0
!

T T 1
O0—— dcA = beB —C

a +im(a) € coker(«)

Result: ¢ % & + im(c). J
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Classical diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)

l

A————beB———ceC——0
!

T T 1
O0—— dcA = beB —C

a +im(a) € coker(«)

Result: ¢ % & + im(«). Context: modules J
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Classical diagram chases
Classical solutions: embedding theorems
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Classical diagram chases

Classical solutions: embedding theorems

Freyd-Mitchell embedding theorem
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Classical diagram chases

Classical solutions: embedding theorems

Freyd-Mitchell embedding theorem
Any small abelian category A admits an exact fully faithful covariant

embedding
F:A— R—mod

into the category of R-modules for some ring R.
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Classical diagram chases

Classical solutions: embedding theorems

Freyd-Mitchell embedding theorem
Any small abelian category A admits an exact fully faithful covariant

embedding
F:A— R—mod

into the category of R-modules for some ring R.

Application: existence of morphisms
Homa(A,B) =~ Hompg_mod(FA, FB)
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Classical diagram chases

Classical solutions: embedding theorems

Freyd-Mitchell embedding theorem
Any small abelian category A admits an exact fully faithful covariant

embedding
F:A— R—mod

into the category of R-modules for some ring R.

Application: existence of morphisms

Homa(A,B) =~ Hompg_mod(FA, FB)
w
¥
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F:A— R—mod

into the category of R-modules for some ring R.

Application: existence of morphisms

Homa(A,B) =~ Hompg_mod(FA, FB)
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Classical diagram chases

Classical solutions: embedding theorems

Freyd-Mitchell embedding theorem
Any small abelian category A admits an exact fully faithful covariant

embedding
F:A— R—mod

into the category of R-modules for some ring R.

Application: existence of morphisms

Homa(A,B) = Hompg_mod(FA, FB)
\ w
Flp © 2

Problem: this isomorphism between Hom-sets is not constructive.
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Additive relations

e Additive relations
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Additive relations
Back to the snake lemma

c € ker(y)

l

A————beB———ceC——0
!

T T 1
O0—— dcA = beB —C

a +im(a) € coker(«)

Result: ¢ % & +im(a). J
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Additive relations
Back to the snake lemma

c € ker(y)

l

A————beB——ceC—0
!

T T 1
O0—— dcA = beB —C

a +im(a) € coker(«)

Crucial step: the uncanonical choice b € ¢~ '({c}). J

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 31/61



Additive relations
Back to the snake lemma

c € ker(y)

l

A————beB——ceC—0
!

T T 1
O0—— dcA = beB —C

a +im(a) € coker(«)

Make this step canonical: relations instead of maps: ¢ — ¢ '({c}) J
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Additive relations

Relations

Let A, B be abelian groups.
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Additive relations

Relations

Let A, B be abelian groups.

Definition
A subgroup f C A® B is called a relation from A to B.
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Additive relations
Relations

Let A, B be abelian groups.

Definition
A subgroup f C A® B is called a relation from A to B.

Example
Let e : A— B be a homomorphism of abelian groups.

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 32/61



Additive relations
Relations

Let A, B be abelian groups.

Definition
A subgroup f C A® B is called a relation from A to B.

Example
Let e : A— B be a homomorphism of abelian groups.

M(e):={(a,b) c A® B|e(a) = b}

is a relation from Ato B
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Additive relations
Relations

Let A, B be abelian groups.

Definition
A subgroup f C A® B is called a relation from A to B.

Example
Let e : A— B be a homomorphism of abelian groups.

M(e):={(a,b) c A® B|e(a) = b}

is a relation from A to B, called graph of ¢
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Additive relations
Relations

Let A, B be abelian groups.

Definition
A subgroup f C A® B is called a relation from A to B.

Example
Let e : A— B be a homomorphism of abelian groups.

M(e) :={(a,b) e A® B |e(a) = b}
is a relation from A to B, called graph of ¢, and

e':={(b,a)e Be&A|e(a)=b}

is a relation from Bto A
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Additive relations
Relations

Let A, B be abelian groups.

Definition
A subgroup f C A® B is called a relation from A to B.

Example
Let e : A— B be a homomorphism of abelian groups.

M(e) :={(a,b) e A® B |e(a) = b}
is a relation from A to B, called graph of ¢, and

e':={(b,a)e Be&A|e(a)=b}

is a relation from B to A, called pseudo-inverse of .
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Additive relations

Relations

Composition of relations
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Additive relations

Relations

Composition of relations
Givenf C A@ Band g C B® C, define
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Additive relations
Relations

Composition of relations
Givenf C A@ Band g C B® C, define

gof:={(a,c)e A C|3IbeB:(ab)ef,(brc)eg}
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Additive relations
Relations

Composition of relations
Givenf C A@ Band g C B® C, define

gof:={(a,c)e A C|3IbeB:(ab)ef,(brc)eg}

If f and g correspond to maps, this describes their usual composition.
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Additive relations

Relations

Q: When does an additive relation f C A& B defines an honest map
(a group homomorphism)?
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Additive relations
Relations

Q: When does an additive relation f C A& B defines an honest map
(a group homomorphism)?

dom(f):={ac A|3be B:(ab) < f}
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Additive relations
Relations

Q: When does an additive relation f C A& B defines an honest map
(a group homomorphism)?

dom(f):={ac A|3be B:(ab) < f}

def(f) := {be B|(0,b) € f}
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Additive relations
Relations

Q: When does an additive relation f C A& B defines an honest map
(a group homomorphism)?

dom(f):={ac A|3be B:(ab) < f}

def(f) := {be B|(0,b) € f}

A: When it has a full domain
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Additive relations
Relations

Q: When does an additive relation f C A& B defines an honest map
(a group homomorphism)?

dom(f):={acA|3beB:(ab)cf}=A

def(f) := {be B|(0,b) € f}

A: When it has a full domain
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Additive relations
Relations

Q: When does an additive relation f C A& B defines an honest map
(a group homomorphism)?

dom(f):={acA|3beB:(ab)cf}=A

def(f) := {be B|(0,b) € f}

A: When it has a full domain and 0 defect.
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Additive relations
Relations

Q: When does an additive relation f C A& B defines an honest map
(a group homomorphism)?

dom(f):={acA|3beB:(ab)cf}=A

def(f) := {be B|(0,b) € f} =0

A: When it has a full domain and 0 defect.
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Additive relations
The snake lemma for a last time

ker(~)
A B - c 0
(O
0 A m B c
coker(a)
Wanted: ker(~) 2, coker(a). J
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Additive relations
The snake lemma for a last time

ker(v)
A B - C 0
| i |
0 A m B o
coker(a)

: )
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Additive relations
The snake lemma for a last time

ker()
VRN lL
A B ‘ C 0
| | |
0 A - B c’
coker(a)

671OL J

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 35/61




Additive relations
The snake lemma for a last time

ker()
VRN lL
A B ‘ C 0
| | |
0 A - B c’
coker(a)

Bo e Tou J

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 35/61



Additive relations
The snake lemma for a last time

ker(7)
<N lL
A B - c 0
A A
0 A—r B c
] l \1/
o
coker(a)
pto Bo oy J
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Additive relations
The snake lemma for a last time

ker(7)
<N lL
A B - C 0
(O
0 A—r B c
) l \1/
no
coker(a)
7o o Bo e oy J
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Additive relations

The snake lemma for a last time

ker(7)
6—1
RN
A B - C 0
« 53 y
0 A m B c
- \_1/
o
coker(a)
0 is an honest map given by a composition of relations! J
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Generalized morphisms

e Generalized morphisms
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Generalized morphisms

From relations to generalized morphisms

@ Wanted: a categorical framework for relations. J
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Generalized morphisms

From relations to generalized morphisms

@ Wanted: a categorical framework for relations.
@ Solution: generalized morphisms. J
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Generalized morphisms

From relations to generalized morphisms

Let A, B be objects in an abelian category A.
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Generalized morphisms

From relations to generalized morphisms

Let A, B be objects in an abelian category A.

Relation
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Generalized morphisms

From relations to generalized morphisms

Let A, B be objects in an abelian category A.

Relation

A® B

(u B)]
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Generalized morphisms

From relations to generalized morphisms

Let A, B be objects in an abelian category A.

Relation
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Generalized morphisms

From relations to generalized morphisms

Let A, B be objects in an abelian category A.

Relation ~~ generalized morphism
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Generalized morphisms

From relations to generalized morphisms

Let A, B be objects in an abelian category A.

Relation ~~ generalized morphism (data structure: span)
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Generalized morphisms

From relations to generalized morphisms

Let A, B be objects in an abelian category A.

Relation ~~ generalized morphism (data structure: span)

v

Equality
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Generalized morphisms

From relations to generalized morphisms

Let A, B be objects in an abelian category A.

Relation ~~ generalized morphism (data structure: span)

Two spans («, 3) and («/, ') are equal as generalized morphisms if
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Generalized morphisms

From relations to generalized morphisms

Let A, B be objects in an abelian category A.

Relation ~~ generalized morphism (data structure: span)

Two spans («, 3) and («/, ') are equal as generalized morphisms if

im((a,8): D= AaB)=im((¢/,8): D - A® B).
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Generalized morphisms

Composition of generalized morphisms
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Generalized morphisms

Composition of generalized morphisms
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Gutsche, Posur (Siegen) Constructive categories August 28, 2018 39/61



Generalized morphisms

Composition of generalized morphisms
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Generalized morphisms

Composition of generalized morphisms
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Generalized morphisms

Composition of generalized morphisms

~ Category of generalized morphisms G(A)
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Generalized morphisms

Pseudo-inverses

Pseudo-inverses

A--m-mmmmmos > B
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Generalized morphisms

Pseudo-inverses

Pseudo-inverses

e e > B
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Generalized morphisms

Pseudo-inverses

Pseudo-inverses

e e > B

L

D
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Generalized morphisms

Pseudo-inverses

Pseudo-inverses

e e > B

L

D
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Generalized morphisms

Pseudo-inverses

Pseudo-inverses
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Generalized morphisms

Honest morphisms
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Generalized morphisms

Honest morphisms

Honest morphisms

A embeds into G(A):
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Honest morphisms

Honest morphisms

A embeds into G(A):
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Generalized morphisms

Honest morphisms

Honest morphisms

A embeds into G(A):
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Generalized morphisms

Honest morphisms

Honest morphisms

A embeds into G(A):
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Generalized morphisms

Honest morphisms

Honest morphisms

A embeds into G(A):

Generalized morphisms with such a representation are called honest.
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Generalized morphisms

Honest morphisms

Q: When does A <%~ D - B define an honest morphism?
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Generalized morphisms
Honest morphisms

Q: When does A <%~ D - B define an honest morphism?

dom(A < D 25 B) := im(a)
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Generalized morphisms
Honest morphisms

Q: When does A <%~ D - B define an honest morphism?

Domain

dom(A < D 25 B) := im(a)

def(A <> D -2 B) = B(ker())
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Generalized morphisms
Honest morphisms

Q: When does A <%~ D - B define an honest morphism?

Domain

dom(A < D 25 B) := im(a)

def(A <> D -2 B) = B(ker())

A: When it has a full domain
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Generalized morphisms
Honest morphisms

Q: When does A <%~ D - B define an honest morphism?

Domain

dom(A <> D N B) :=im(a) = A

def(A <> D -2 B) = B(ker())

A: When it has a full domain
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Generalized morphisms
Honest morphisms

Q: When does A <%~ D - B define an honest morphism?

Domain

dom(A <> D N B) :=im(a) = A

def(A <> D -2 B) = B(ker())

A: When it has a full domain and 0 defect.
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Generalized morphisms
Honest morphisms

Q: When does A <%~ D - B define an honest morphism?

Domain

dom(A <> D N B) :=im(a) = A

def(A <> D 5 B) = B(ker(a)) =

A: When it has a full domain and 0 defect.
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Generalized morphisms

Computing representatives
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Generalized morphisms

Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.
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Generalized morphisms
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.

N
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Generalized morphisms
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.
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Generalized morphisms
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.

AllpB

N
N

AXai,8B
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Generalized morphisms
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.
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Generalized morphisms
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.
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Generalized morphisms
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.
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Generalized morphisms
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.

Q Q
CON A1)
QZ
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Generalized morphisms
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.

Q
2N
Q Q
CON A1)
@2
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Generalized morphisms
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.

Q%©\Q
N A
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Generalized morphisms
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.

N A

Q
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Generalized morphisms
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.

DNP%

Q
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Generalized morphisms
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.

Q——Q
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Generalized morphisms

Constructive diagram chases

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 45/ 61



Generalized morphisms

Constructive diagram chases

Strategy for constructive diagram chases
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Generalized morphisms

Constructive diagram chases

Strategy for constructive diagram chases

@ Compute in G(A) using pseudo-inverses and compositions.
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Generalized morphisms

Constructive diagram chases

Strategy for constructive diagram chases

@ Compute in G(A) using pseudo-inverses and compositions.

© Compute the honest representative of the resulting generalized
morphism.
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Generalized morphisms

Example: functoriality of homology

Let (P,, 0) be a complex in an abelian category A.
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Generalized morphisms

Example: functoriality of homology

Let (P, 0) be a complex in an abelian category .A. Then we can
compute the generalized embedding of the i-th homology.
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Generalized morphisms

Example: functoriality of homology

Let (P, 0) be a complex in an abelian category .A. Then we can
compute the generalized embedding of the i-th homology.

i1 0
Pit1 I Pi I Pi_1
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Generalized morphisms

Example: functoriality of homology

Let (P, 0) be a complex in an abelian category .A. Then we can
compute the generalized embedding of the i-th homology.

i1 0
Pit1 I Pi I Pi_1

S

im (9i+1)
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Generalized morphisms

Example: functoriality of homology

Let (P, 0) be a complex in an abelian category .A. Then we can
compute the generalized embedding of the i-th homology.

i1 0
Pit1 I Pi I Pi_1

im (9i41) ker (1)
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Generalized morphisms

Example: functoriality of homology

Let (P, 0) be a complex in an abelian category .A. Then we can
compute the generalized embedding of the i-th homology.

i1 0
Pit1 I Pi I Pi_1

N

im (0j1) —— ker (9;)
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Generalized morphisms

Example: functoriality of homology

Let (P, 0) be a complex in an abelian category .A. Then we can
compute the generalized embedding of the i-th homology.

i1 0
Pit1 I Pi I Pi_1

N

im (0j11) ————— ker (9;) —» H; (F.)
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Generalized morphisms

Example: functoriality of homology

Let (P, 0) be a complex in an abelian category .A. Then we can
compute the generalized embedding of the i-th homology.

0; 0;
Pi+1 i+1 p. i

im (0j11) ———— ker (9;) —» H; (P.)
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Generalized morphisms

Example: functoriality of homology

Let A be an abelian category and ¢ : P, — Qs a chain morphism.
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Generalized morphisms

Example: functoriality of homology

Let A be an abelian category and ¢ : P, — Q. a chain morphism.
Then the morphism H; (P,) — H; (Qs) can be computed using
generalized morphisms:
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Generalized morphisms

Example: functoriality of homology

Let A be an abelian category and ¢ : P, — Q. a chain morphism.
Then the morphism H; (P,) — H; (Qs) can be computed using
generalized morphisms:

P,'—)Q,'
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Generalized morphisms

Example: functoriality of homology

Let A be an abelian category and ¢ : P, — Q. a chain morphism.
Then the morphism H; (P,) — H; (Qs) can be computed using
generalized morphisms:

.
Hi(P.) --- P — Q;
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Generalized morphisms

Example: functoriality of homology

Let A be an abelian category and ¢ : P, — Q. a chain morphism.
Then the morphism H; (P,) — H; (Qs) can be computed using
generalized morphisms:

H,(P.) RN P,i) QI {--- HI(Q.)
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Generalized morphisms

Example: functoriality of homology

Let A be an abelian category and ¢ : P, — Q. a chain morphism.
Then the morphism H; (P,) — H; (Qs) can be computed using
generalized morphisms:

Hj(P.) RN 'D,i) Qi ===y H,(Qo)
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Generalized morphisms

Example: functoriality of homology

Let A be an abelian category and ¢ : P, — Q. a chain morphism.
Then the morphism H; (P,) — H; (Qs) can be computed using
generalized morphisms:

Hj(P.) RN 'D,i) Qi ===y H,(Qo)

\_/
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Applications of generalized morphisms

6 Applications of generalized morphisms

@ An algorithm for spectral sequences
@ The purity filtration
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Applications of generalized morphisms An algorithm for spectral sequences

6 Applications of generalized morphisms
@ An algorithm for spectral sequences
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

Given: an excerpt of a filtered chain complex.
i) )
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

We pass to its graded parts.

d 7]

A B C
Ay 0 Bii1 0 Cit1

i Bi C/

A, Bi C/
A1 Bi_1 Ci—1
Ai_q Bi_1 Ci_1
A Bi_» Ci2
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

We can compute the differentials via generalized morphisms.

d 7]

A B C
Ay 0 Bii1 0 Cit1

i Bi C/

A, Bi C/
A1 Bi_1 Ci—1
Ai_q Bi_4 Ci_1
A Bi_» Ci2

|
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

We can compute the differentials via generalized morphisms.

d 7]
A B C
Airt 0 Bit1 9 Cit1
i Bi C/
A, Bi C/
Aiy Bi_1 Ci_1
Ai_q Bi_4 Ci_1
A Bi_» Ci2
= Aip Biiq
0 : A B
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

We can compute the differentials via generalized morphisms.

d 7]

A B C

Airt 0 Bit1 9 Cit1

i Bi C/

A, Bi C/

A4 Bi_1 Ci_1

Ai_q Bi_4 Ci_1

A Bi_» Ci2
— Ait1 . Biiq
Jd : A ('(_Al+1 B
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

We can compute the differentials via generalized morphisms.

d 7]
A B C
Airt 0 Bit1 9 Cit1
i Bi C/
A, Bi C/
A4 Bi_1 Ci_1
Ai_q Bi_4 Ci_1
A Bi_» Ci2
= Ait L C Bii1
d A Ajt1 A B
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

This is a generalized subquotient embedding.

d 7]

A B C

Ay 0 Bii1 0 Cit1

i Bi C/

A B; Ci

A4 Bi_1 Ci_1

Ai_q Bi_4 Ci_1

A Bi_» Ci2
— A7 - L T8 Bis1
A Airt A B
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Applications of generalized morphisms

An algorithm for spectral sequences

Spectral sequences via generalized morphisms

d 7]

A B C
Ait 9 B4 0 Cit1

A B G

A B; Ci
Aiy Bi_1 Ci_1
Ai_q Bi_4 Ci_4
A Bi_» Ci2

= - - = ~ o 8
Ajjr 3 A B

Bit1

B;
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Applications of generalized morphisms

An algorithm for spectral sequences

Spectral sequences via generalized morphisms

d 7]
A B C
At 0 Bit1 9 Cit1
A B; Ci
A; B; G
Ai_q Bi_4 Ci_1
A Bi_1 Ci—1
A Bi_» Ci2
= - - = ~ o 8
Ajjr 3 A B > B

Bit1
B;
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Applications of generalized morphisms

An algorithm for spectral sequences

Spectral sequences via generalized morphisms

d 7]
A B C
At 0 Bit1 9 Cit1
A B; Ci
A; B; G
Ai_q Bi_4 Ci_1
Ai_q Bi_4 Ci_1
A Bi_» Ci2
_- - T - 8 B
Aist € 3 A B > B4 Bt
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

This is a generalized subquotient projection.

d 7]
A B C
Ay 0 Bii1 0 Cit1
i Bi C/
A, Bi C/
A4 Bi_1 Ci_1
Ai_q Bi_4 Ci_1
A2 Bi_» Ci2
_ A .- - S~ - 8 _- -~ ~a B
a IT Ay © $ A B > Bt E1 J
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

We can compose the arrows.

0 d
A B C
Airt 0 Bit1 9 Cit1
i Bi C/
A, Bi C/
A4 Bi_1 Ci_1
Ai_q Bi_4 Ci_1
A Bi_» Ci2
_ A -7 ; RS 0 -7 - ) ~A B
9 /-t1 Al+1 C 3 A B > i1 51 J
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

We can compose the arrows.

0 d
A B C
Airt 0 Bit1 9 Cit1
i Bi C/
A, Bi C/
A4 Bi_1 Ci_1
Ai_q Bi_4 Ci_1
A Bi_» Ci2
_ A -7 ; RS 0 -7 - ) ~A B
9 /-t1 Al+1 C 3 A B > i1 51 J
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

We can compose the arrows.

d 7]
A B C
Airt 0 Bit1 9 Cit1
i Bi C/
A; B; Gi
A4 Bi_1 Ci_1
Ai_q Bi_4 Ci_1
A Bi_» Ci2
_ A _- -~ S~o (9 _ -~ = ~i B
0 At Ajjr 3 A B > Bt 5 J
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

This formula still makes sense if we map 1 step down.

d 7]
A B C
Ay 0 Bii1 0 Cit1
i Bi C/
A, Bi C/
A4 Bi_1 Ci_1
Ai_q Bi_4 Ci_1
A Bi_» Ci2
— A1 5 - e 0 27 : ~A B
0 At Ajj1 © 3 A B > Bj 1 5 J
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

This formula still makes sense if we map 1 step down.

d 7]
A B C
At Bii1 Citt
S . N 51 B; ~. N R
R ¢ < N
N
2 B o ’
i1 i1 1 i1
I N "9 N
S ~ s ~ ~ ~ s ~
M B A
Ai_1 Bi_4 Ci_1 ks
Ao B, Ci_2
4 Aol , U I TTuog
9 : A Ayt S A B > B B,
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

One more step ...

A 0 B 0 C

. A, - RN 0 -7 TEA B
a1 : //44:1 Ai+1 C 3 A B b) Bi i
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

One more step ...

1o} 0
A B C
. Aiit Bii1 Citt
R j B; Ci
AY N \ \
N AY AY AY
N N 52 N N
N
\\ A \\ B; \ Ci \\
N Ai_4 \ Bi_4 N Ci_1 N
AY \ Y \
\ AY A Y AY
Y N Y \\4
Ait Bi_1 Ci_1 .
i_2 Bi_2 Ci2
B A - S S o o7 - n B
2 ’—*ﬁ A $ A B > Bi_4 BLZ
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

For all r > 0, we get so-called generalized chain complexes.
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Spectral sequences via generalized morphisms

For all r > 0, we get so-called generalized chain complexes.
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

For all r > 0, we get so-called generalized chain complexes.

A %
________ )Aiiﬂ_____iq____ B/+1—r_____B____)Ci+1—21 [N
Ai i—r Ci—or
A A A
1 1 1
| ! |
1
1 — 1
dom dom(9g) dom
de def(a7) ef
v
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

For all r > 0, we get so-called generalized chain complexes.

A %
________ )Aiiﬂ_____iq____ B/+1—r_____B____)Ci+1—21 [N
Ai i—r Ci—or
A A A
1 1 1
| ! |
1
1 — 1
dom dom(9g) dom
de def(a7) ef
v
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

For all r > 0, we get so-called generalized chain complexes.

EA oL
________ )Aii_____iq____ Biyir _____B___ Ciia o— s

A Bi_, i—2r

N N )

: ! :

1

1 R 1
dom dom(9p) dom

def def(87) def

@ These are the chain complexes on the r-th page of the associated
spectral sequence.

August 28, 2018 51/61
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

For all r > 0, we get so-called generalized chain complexes.

Cj1 G Gj1
A A A
1 1 1
1 1 1
1 1 1
1 1 1
Fir1Ci Fig1-rGj Fiv1-2:Gj1
> FiCji+ > FoG > FiaCi >

A~ A A
1
1
1

r r r
T E/+1,,;/ E— Ei+1—r,j—i+(r—1) — Ei+1—2r,j—i+2(r—1) >

@ These are the chain complexes on the r-th page of the associated
spectral sequence.
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Applications of generalized morphisms An algorithm for spectral sequences

Spectral sequences via generalized morphisms

For all r > 0, we get so-called generalized chain complexes.

Cj1 G Gj1
A A A
1 1 1
1 1 1
1 1 1
1 1 1
Fir1Ci Fig1-rGj Fiv1-2:Gj1
> FiCji+ > FoG > FiaCi >

A~ A A
1
1
1

r r r
T E/+1,,;/ E— Ei+1—r,j—i+(r—1) — Ei+1—2r,j—i+2(r—1) >

@ These are the chain complexes on the r-th page of the associated
spectral sequence.

@ We just computed them without a recursive strategy.
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Applications of generalized morphisms The purity filtration

6 Applications of generalized morphisms

@ The purity filtration
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Applications of generalized morphisms The purity filtration

Spectral sequences

LetCo i =0=F_,_1Ce < F_,C, < --- < FyC, be afinitely filtered
complex
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Applications of generalized morphisms The purity filtration

Spectral sequences

Convergence
LetCo i =0=F_,_1Ce < F_,C, < --- < FyC, be afinitely filtered
complex and for p,q € Z, r > 0 let Ej, be the computed objects
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Applications of generalized morphisms The purity filtration

Spectral sequences

Convergence

LetCo i =0=F_,_1Ce < F_,C, < --- < FyC, be afinitely filtered
complex and for p,q € Z, r > 0 let Ef, be the computed objects with
their generalized embeddings

r
qu Cemm - -2 > Cp+q
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Applications of generalized morphisms The purity filtration

Spectral sequences

Convergence

LetCo i =0=F_,_1Ce < F_,C, < --- < FyC, be afinitely filtered
complex and for p,q € Z, r > 0 let Ef, be the computed objects with
their generalized embeddings

r
qu Cemm - -2 > Cp+q

Then for all p,q and all k > n+ 1 we have
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Applications of generalized morphisms The purity filtration

Spectral sequences

Convergence

LetCo i =0=F_,_1Ce < F_,C, < --- < FyC, be afinitely filtered
complex and for p,q € Z, r > 0 let Ef, be the computed objects with
their generalized embeddings

r
qu Cemm - -2 > Cp+q

Then for all p,q and all k > n+ 1 we have

K ~ n+1
Epg = Epg
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Applications of generalized morphisms The purity filtration

Spectral sequences

Convergence

LetCo i =0=F_,_1Ce < F_,C, < --- < FyC, be afinitely filtered
complex and for p,q € Z, r > 0 let Ef, be the computed objects with
their generalized embeddings

r
qu Cemm - -2 > Cp+q

Then for all p,q and all k > n+ 1 we have

k ~ n+1 . (o'e]
qu - qu T qu'
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using the above generalized embedding and the generalized
projection to the homology,
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using the above generalized embedding and the generalized
projection to the homology, we get a generalized morphism
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using the above generalized embedding and the generalized
projection to the homology, we get a generalized morphism

Eoq Hp+q (Ce)
S a

Gutsche, Posur (Siegen) Constructive categories August 28, 2018



Applications of generalized morphisms The purity filtration

Filtration morphisms

Using the above generalized embedding and the generalized
projection to the homology, we get a generalized morphism

Epq<----» Cpigq Hp+q (Ce)
S a

Gutsche, Posur (Siegen) Constructive categories August 28, 2018



Applications of generalized morphisms The purity filtration

Filtration morphisms

Using the above generalized embedding and the generalized
projection to the homology, we get a generalized morphism
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using the above generalized embedding and the generalized
projection to the homology, we get a generalized morphism
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using the above generalized embedding and the generalized
projection to the homology, we get a generalized morphism

Eoq Hp+q (Ce)

Gutsche, Posur (Siegen) Constructive categories August 28, 2018 54 /61



Applications of generalized morphisms The purity filtration

Filtration morphisms

Using the above generalized embedding and the generalized
projection to the homology, we get a generalized morphism

Eoq Hp+q (Ce)

~, 7

X

This induces a filtration on H := Hp 4 (C,) with

August 28, 2018
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using the above generalized embedding and the generalized
projection to the homology, we get a generalized morphism

Eoq Hp+q (Ce)

~, 7

X

This induces a filtration on H := Hp 4 (C,) with

FoH/Fp_1H = E5%,
FoH =im ().

August 28, 2018
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The purity filtration

Applications of generalized morphisms

The bidualizing spectral sequence

Theorem
Let M be a finitely presented module over a computable ring S of finite

projective dimension.
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Applications of generalized morphisms The purity filtration

The bidualizing spectral sequence

Theorem

Let M be a finitely presented module over a computable ring S of finite

projective dimension. Then one can compute a filtered complex C,
with the following properties:
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Applications of generalized morphisms The purity filtration

The bidualizing spectral sequence

Theorem

Let M be a finitely presented module over a computable ring S of finite

projective dimension. Then one can compute a filtered complex C,
with the following properties:

@ C. is exact everywhere except at 0.
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Applications of generalized morphisms The purity filtration

The bidualizing spectral sequence

Theorem

Let M be a finitely presented module over a computable ring S of finite

projective dimension. Then one can compute a filtered complex C,
with the following properties:

@ C. is exact everywhere except at 0.
@ Ho (C,) is constructively isomorphic to M.
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Applications of generalized morphisms The purity filtration

The bidualizing spectral sequence

Theorem

Let M be a finitely presented module over a computable ring S of finite
projective dimension. Then one can compute a filtered complex C,
with the following properties:

@ C. is exact everywhere except at 0.
@ Ho (C,) is constructively isomorphic to M.

© The induced spectral sequence of C, is the bidualizing spectral
sequence,
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Applications of generalized morphisms The purity filtration

The bidualizing spectral sequence

Theorem

Let M be a finitely presented module over a computable ring S of finite

projective dimension. Then one can compute a filtered complex C,
with the following properties:

@ C. is exact everywhere except at 0.
@ Ho (C,) is constructively isomorphic to M.

© The induced spectral sequence of C, is the bidualizing spectral
sequence, i.e., we have

E3, = Ext P(Ext9(M,S),S)) = M forp+q=0,
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Applications of generalized morphisms The purity filtration

The bidualizing spectral sequence

Theorem

Let M be a finitely presented module over a computable ring S of finite

projective dimension. Then one can compute a filtered complex C,
with the following properties:

@ C. is exact everywhere except at 0.
@ Ho (C,) is constructively isomorphic to M.

© The induced spectral sequence of C, is the bidualizing spectral
sequence, i.e., we have

E3, = Ext P(Ext9(M,S),S)) = M forp+q=0,

which yields the purity filtration of M,
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Applications of generalized morphisms The purity filtration

The bidualizing spectral sequence

Theorem

Let M be a finitely presented module over a computable ring S of finite

projective dimension. Then one can compute a filtered complex C,
with the following properties:

@ C. is exact everywhere except at 0.
@ Ho (C,) is constructively isomorphic to M.

© The induced spectral sequence of C, is the bidualizing spectral
sequence, i.e., we have

E3, = Ext P(Ext9(M,S),S)) = M forp+q=0,

which yields the purity filtration of M, i.e., a finite filtration where all
graded parts F_;iM/F_ ;. 1yM are pure of codimension i.

v
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using all of the above, we now get the generalized morphism
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using all of the above, we now get the generalized morphism
E>% o M
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using all of the above, we now get the generalized morphism

Eg%p o Co M
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using all of the above, we now get the generalized morphism

ESp<-+Co-------- » Ho (Cs) M
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using all of the above, we now get the generalized morphism

-1

e » Ho (C.) =4 M
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using all of the above, we now get the generalized morphism

= M
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using all of the above, we now get the generalized morphism

= M

X

For the purity filtration of M, we have
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Applications of generalized morphisms The purity filtration

Filtration morphisms

Using all of the above, we now get the generalized morphism

E> M

—p;p
\ B

X

For the purity filtration of M, we have

FpM/F p M= E>

F_oM=im(B).
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Applications of generalized morphisms The purity filtration

Presentations from filtrations

Let F-F?M < F_, 1M < --- < FoM := M be a finitely presented filtered
module.
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Applications of generalized morphisms The purity filtration

Presentations from filtrations

Let F-F?M < F_, 1M < --- < FoM := M be a finitely presented filtered
module.

If M; is a presentation matrix for F;M/F;_{M,

August 28, 2018 57/61
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Applications of generalized morphisms The purity filtration

Presentations from filtrations

Let F-F?M < F_, 1M < --- < FoM := M be a finitely presented filtered
module.

If M; is a presentation matrix for F;M/F;_yM, then M can be presented
by an upper block triangular matrix

Mo * *

57 /61
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Applications of generalized morphisms The purity filtration

Example: filtered presentation

Consider the module with relations

0 0 0 0 xz  —Z?

0 0 0 0 Xy —yz

0 —XPz+4+xyz+xz?2 y?°z —xz+yz x—y O

0 0 0 0 x> —xz
—xy —x34+xPy+x2z x2 —x+xy 0 x-—y

z 0 0 0 0 0
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Applications of generalized morphisms The purity filtration

Example: filtered presentation

Consider the module with relations
2

0 0 0 0 Xz —Z

0 0 0 0 Xy —yz

0 —XPz+4+xyz+xz?2 y?°z —xz+yz x—y O

0 0 0 0 x> —xz
—xy —x34+xPy+x2z x2 —x+xy 0 x-—y

z 0 0 0 0 0

Computing the purity filtration by using the bidualizing spectral
sequence yields

X -z 0 0 0
—y  z Y’z —yz? —xz+yz

(o Ne]
| —
—

0 x—y xy> —xyz —x®+xy|xy| O
0 0 0 0 0 z| 0
0 0 0 0 0 0| z
O 0 0 o0 0 0y
0 0 0 0 0 0| x
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Applications of generalized morphisms The purity filtration
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